CLASSIFICATION OF LOCAL ASYMPTOTICS FOR SOLUTIONS TO HEAT 
EQUATIONS WITH INVERSE-SQUARE POTENTIALS 



VERONICA FELLI AND ANA PRIMO 



Abstract. Asymptotic behavior of solutions to heat equations with spatially singular inverse- 
square potentials is studied. By combining a parabolic Almgren type monotonicity formula 
with blow-up methods, we evaluate the exact behavior near the singularity of solutions to linear 
and subcritical semilinear parabolic equations with Hardy type potentials. As a remarkable 
byproduct, a unique continuation property is obtained. 



1. Introduction and statement of the main results 

We aim to describe the asymptotic behavior near the singularity of solutions to backward evo- 
lution equations with inverse square singular potentials of the form 

(1) ut + Au + "^^/l^^l) u + fix, t, uix, t)) = 0, 

\x\ 

in X (0,T), where T > 0, TV > 3, a G L°°(§^-i) and / : R^ x (0, T) x R ^ M. Inverse square 
potentials are related to the well-known classical Hardy's inequality 

\Vu{x)\^ dx ^ ( I 4^dx, forallueC5"(R^), iV > 3, 
V 2 J Jj^N \x\^ 

see e.g. [T51 [50]. Parabolic problems with singular inverse square Hardy potentials arise in the 
linearization of standard combustion models, see [24]. The properties of the heat operator are 
strongly affected by the presence of the singular inverse square potential, which, having the same 
order of homogeneity as the laplacian and failing to belong to the Kato class, cannot be regarded as 
a lower order term. Hence, singular problems with inverse square potentials represent a borderline 
case with respect to the classical theory of parabolic equations. Such a criticality makes parabolic 
equations of type ([T]) and their elliptic versions quite challenging from the mathematical point of 
view, thus motivating a large literature which, starting from the pioneering paper by [BJ , has been 
devoted to their analysis, see e.g. [HI [32] for the parabolic case and [1] [29l [31] for the elliptic 
counterpart. In particular, the influence of the Hardy potential in semilinear parabolic problems 
has been studied in in the case f{x, t, s) = s^, p > 1, and for a(a;/|x|) = A, A > 0; the analysis 
carried out in [J, highlighted a deep difference with respect to the classical heat equation (A = 0), 
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showing that, if A > 0, there exists a critical exponent p+{X) such that for p ^ p+(A), there is no 
solution even in the weakest sense for any nontrivial initial datum. 

The present paper is addressed to the problem of describing the behavior of solutions along 
the directions (Ax, X'^t) naturally related to the heat operator. Indeed, the unperturbed operator 
Ut + Au + u is invariant under the action {x,t) i-^ (Xx,X^t). Then we are interested in 

evaluating the asymptotics of 

u{Vix, t) as t — > 0^ 

for solutions to ((IJ. Our analysis will show that u{^/ix,t) behaves as a singular self-similar eigen- 
function of the Ornstein-Uhlenbeck operator with inverse square potential, multiplied by a power 
of t related to the corresponding eigenvalue, which can be selected by the limit of a frequency type 
function associated to the problem. 

We consider both linear and subcritical semilinear parabolic equations of type ([1]). More pre- 
cisely, we deal with the case f{x,t,s) = h{x,t)s corresponding to the linear problem 

(2) ut + Au+^^^^u + h{x,t)u^O, inR^x(0,T), 
with a perturbing potential h satisfying 

(3) h,hte L^{{0,T),L^^^{R'')) for some r>l, /i^ G Li^,((0,r),L^/2(R^)), 

and negligible with respect to the inverse square potential \x\^'^ near the singularity in the sense 
that there exists Ch > such that 

(4) \h{x,t)\ Chil + 12:1"^+") for all t £ (0,T), a.e. x G R^, and for some e € (0,2). 

We also treat the semilinear case f{x, t, s) — (p{x, t, s), with a nonlinearity (p E C-^(R^ x (0, T) x M) 
satisfying the following growth condition 



(5) 



' + 1^ • '^x(p{x,t,s)\ + \t^{x,t,s)\ 

1^1 ^ + pl / 

[\^{x,t,s)-s^ix,t,s)\ 



for ah {x, t, s) e X (0, T) x R and some l<p<2*-land2^g<p+l, where 2* = is the 
critical exponent for Sobolev's embedding and Ct^ > is independent of x e R^, t e (0,r), and 
s G R. In particular, we are going to classify the behavior of solutions to the semilinear parabolic 
problem 

(6) Ut + Au+ °y 1^1) u + ip[x, t, u{x, t)) = 0, inR^x(0,r), 
satisfying 

(7) u£ L^{0,T,LP+\R^)) 
and 

(8) tut e L°°(0,T,L5^fe?(R^)) and sup t^/^ / \x\^^ \u{Vix, t) f +^ dx < oo. 

te(o,T) JR" 
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In order to introduce a suitable notion of solution to ([T]), for every i > let us define the space 
T-Lt as the completion of C^(R^) with respect to 

{ I {t\Vu{x)\' + \u{x)\')G{x,t)dx\' , 

where 

Gix,t)^t-^/'cxp[-\^) 

is the heat kernel satisfying 

(9) Gt-AG^O and \/G{x,t) ^ ^^^G{x,t) in x (0, +oo). 

We denote as {Ht)* the dual space of T-Lt and by (UtY ('i ')'Ht corresponding duality product. 
For every t > 0, we also define the space Ct as the completion of C^iM.^) with respect to 

^1/2 

WWc, = ( / \u{x)\'G{x,t)dx 



Definition 1.1. We say that u e Lj^^i^^ x (0,T)) is a weak solution to Q in x (0,r) if 



T pT w., ^ 2 



(10) / \\u{-,t)\\l^^dt <+oo, I ut + ^^^ dt < +00 for all r e (0,T), 

= / (vu(x, t) ■ \'(j)(x) - u(x, t)(j){x) - fix, t, u(x, t))(l)(x)] Gix, t) dx 

for a.e. t e (0, T) and for each (j> G Ht- 

It will be clear from the parabolic Hardy type inequality of Lemma l2.1l and the Sobolev weighted 
inequality of Corollarv l2.81 that the integral /j^jv fix, i, u{x, t))(p{x)G{x, t)dx in the above definition 
is finite for a.e. t G (0, T), both in the linear case /(x, t, s) = h{x, t)s under assumptions and 
in the semilinear case f(x,t,s) — ip{x,t,s) under condition ^ and for u satisfying ([7]). 

Remark 1.2. If u e ^[^^(R" x (0,T)) satisfies (HH]), then the function 

v{x, t) := u{Vtx, t) 

satisfies 

(12) V eL^{T,T;n) and vt G L^{t,T; {H)*) for all r G (0, T), 

where we have set 

H '■= 7^1, 

i.e. H is the completion of C^(R^) with respect to 

Mn^( [ (|V^;(x)|2 + \vix)f)e-\^\'/Ux) ' . 
We notice that from ([T2l) it follows that 

z;ec°([r,r],/:), 
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see e.g. ^71 Theorem 1.2], where £ := L\ is the completion of C^(R^) with respect to the norm 
||i;||£ = ( /rn \v(x)\^e~^^\^ I'^ dxf'^'^ . Moreover the function 

i e [r,T] llw(t) III / u^{x,t)G{x,t)dx 

is absolutely continuous and 

for a.e. t S (0,T). 

Remark 1.3. If m is a weak solution to ([T]) in the sense of definition II. 1[ then the function 
v(x^t) u{^/tx,t) defined in Remark 11.21 is a weak solution to 

1/. a; _ a(a;/|a;|) „, ^ , ,A 

Vt + -iAv---Vv + « + tfiVix, t, v{x, t))] = 0, 

in the sense that, for every <f> 

(13) ^,{vt,4>)^ 

1 r ( a(A 



t 



^Vu(x,t)-V(/)(x) -^^^^^v{x,t)(f>{x)-tf{Vtx,t,v{x,t))(l){x)jG{x,l)dx. 



In particular, if m is a weak solution to ([2]), then w(a;,t) :— u{\/tx,t) weakly solves 

whereas, if m is a weak solution to ([5]), then := u{^/tx.t) weakly solves 

1 / . X _ a(a;/|a;|) , r- A 

Vt + -[Av^--Vv + -^i^^p-^ + iv(Via;, t, v) \ ^ 0. 

We give a precise description of the asymptotic behavior at the singularity of solutions to ([2]) 
and ([6|) in terms of the eigenvalues and eigenfunctions of the Ornstein-Uhlenbeck operator with 
singular inverse square potential 

, . X a{xl\x\) 

14 L-.n^mr, L = -A+-.V-^^, 

2 \xY 

acting as 

■H*{Lv,w)n^ [ ( ^v(x) ■ Vwix) - "'^f /j^l^ v(x)w(x)] G(x, 1) dx, forallw,weH. 

In order to describe the spectrum of L, we consider the operator — Agw-i — a{9) on the unit 
{N ~ l)-dimensional sphere S^^^. For any a G L°° (S^^^) , — Agw-i — a{9) admits a diverging 
sequence of eigenvalues 

Hi{a) < /i2(a) < • • • < ^J.k{a) < • • • , 
the first of which is simple and can be characterized as 

15) Ml a) = mm t: r— - — , 
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see [TB]. Moreover the quadratic form associated to — A — ^Ja^^-* is positive definite if and only if 



(16) ^il{a) > - 



\x\^ 

(N - 2)2 



see [ini Lemma 2.5]. To each fc e N, fc 1, we associate a L'^(S^ ^) -normalized eigenfunction ipk 
of the operator — Agw-i — a{9) corresponding to the A:-th eigenvalue /ifc(a), i.e. satisfying 



(17) 



J^.^,\M0)\'dS{9) = l. 



In the enumeration /ii(a) < /i2(a) • • • ^ fJ-kio.) ^ • • • we repeat each eigenvalue as many times 
as its multiplicity; thus exactly one eigenfunction ipk corresponds to each index k E N. We can 
choose the functions ipk hi such a way that they form an orthonormal basis of L'^{E)^~^). 

The following proposition describes completely the spectrum of the operator L, thus extending 
to the anisotropic case the spectral analysis performed in [32j §9.3] in the isotropic case a{9) = A; 
see also [S] §4.2] and [TT, §2] for the non singular case. 

Proposition 1.4. The set of the eigenvalues of the operator L is 

{7™,fc : fc,m e N,fc ^ 1} 

where 



(18) 'ym,k = m-—, ak = — \l { — - — I +Aife(a), 

and iJLk{a) is the k-th eigenvalue of the operator —AgN^i—a{9) on the sphere S^^^ . Each eigenvalue 
Im.k has finite multiplicity equal to 

#|jeN,j^l:7™,fe + ^eN 

and a basis of the corresponding eigenspace is 

[Vnj ■■ j,ne n,j > l,7,„,fc = n- ^1 , 

where 



(19) VnA^) - i^r 



tpj is an eigenfunction of the operator — Agw-i — a{9) on the sphere ^ associated to the j-th 
eigenvalue fJ.j{a) as in IjlT^ , and Pj^n is the polynomial of degree n given by 

denoting as {s)i, for all s £ R, the Pochhammer's symbol [s)i ~ ri7"=o('* + j); {^)o — 1- 
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The following theorems provide a classification of singularity rating of any solution u to ([T]) 
based on the limit as t — > 0^ of the Almgren type frequency function (see 



(20) UfAt) 



\ 4„ {\Vu{x, - ^^^^u\x, t) - fix, t, u{x, t))u{x, t))Gix, t) dx 
/jgjv u^ix, t) G{x, t) dx 



In the linear case f{x,t,u) — h{x,t)u, the behavior of weak solutions to Q is described by the 
following theorem. 

Theorem 1.5. Let u ^ be a weak solution to (0) in the sense of Definition l 1 . i[ with h satisfying 
(0) and and a E i°°(S^^^) satisfying I116\) . Then there exist mo,fco G N, fco ^ 1, such that 



(21) 



lim 7V/m.«(i) = 7mo,fco 



where Mhu,u is defined in I180\) and jmoM is as in hl^). Furthermore, denoting as Jo the finite set 
of indices 



(22) 

for all T £ (0,1) there holds 



Jo = {(m, fc) e N X (N \ {0}) : m - ^ = 7„„,fe J, 



(23) lim 



A-27™„,.ou(Aa;,A2t)-iT"o,'^o ^ PmMV-^,k{x/^t) 



dt^O 



and 
(24) 



lim sup 



A-27™o.'=ou(Aa;,A2i)-r-o.'=o ^ /3™,fcKn,fc(a;/VI) 

(m,/c)S Jo 



0, 



Ct 



where Vm,k = Vm,k/\\VmA\c, V,n,k are as in (E 



(25) = A-^^'-o.'.o / u{Ax,A^)Vm,k{x)G{x,l)dx 



2 / s 

Iq 



h{sx,s )u{sx,s )Vm,kix)G{x,l) dx \ds 



for all A e (0, Aq) and for some Aq G (0, VT), and /3m, fc ^ for some (m, k) E Jq. 

An analogous result holds in the semilinear case for solutions to © satisfying the further 
conditions (O and ([H). 

Theorem 1.6. Let a e L°°(§^-i) satisfy and ip e C\R'^ x (0,T) x M) such that ^ holds. 
If u ^ satisfies and is a weak solution to (0) in the sense of Definition l 1 . i\ then there exist 

Too, fco G N, fco ^ 1, such that 



(26) 



lim N^,u{t) = 7mo,fco) 
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where Af,p,u is defined in I120\) and 7mo,fco in il8\) . Furthermore, letting Jq the finite set of 

indices defined in \22\) . for all r e (0, 1) convergences HJ) and {24^ hold with 

(27) = A-^^'-o.'.o / u[Kx,h')V,n,k{x)G{x,l)dx 

+ 2 I s^-^''^«'''o( [ ip{sx,s'^,u{sx,s^))Vmkix)G{x,l)dx\ds 
Jo \Jr" ' / 

for all A e (0, Aq) and for some Aq e (0, VT), and /3m, fc 7^ for some (m, k) ^ J^- 

([25l) and ([27| can be seen as Cauchy's integral type formulas for solutions to problems ^ and 
([6]), since they allow reconstructing, up to the perturbation, the solution at the singularity by the 
values it takes at any positive time. 

The proofs of theorems 11.51 and 11.61 are based on a parabolic Almgren type monotonicity for- 
mula combined with blow-up methods. Almgren type frequency functions associated to parabolic 
equations were first introduced by C.-C. Poon in [25], where unique continuation properties are 
derived by proving a monotonicity result which is the parabolic counterpart of the monotonicity 
formula introduced by Almgren in [5] and extended by Garofalo and Lin in [19j to elliptic operators 
with variable coefficients. A further development in the use of Almgren monotonicity methods to 
study regularity of solutions to parabolic problems is due to the recent paper [7] . We also mention 
that an Almgren type monotonicity method combined with blow-up was used in |15| in an ellip- 
tic context to study the behavior of solutions to stationary Schrodinger equations with singular 
electromagnetic potentials. 

Theorem 11.51 and Theorem 11.61 imply a strong unique continuation property at the singularity, 
as the following corollary states. 

Corollary 1.7. Suppose that either u is a weak solution to (0) under the assumptions of Theorem 
\1.5\ or u satisfies and weakly solves (d^ under the assumptions of Theorem \1.6[ If 

(28) u(x, t) = 0{{\x\^ + tf) as {x, t) (0, 0) for all fc e N, 
then u = m X (0,T). 

As a byproduct of the proof of Theorems 11.51 and 11.61 we also obtain the following result, which 
can be regarded as a unique continuation property with respect to time. 

Proposition 1.8. Suppose that cithern is a weak solution to (0) under the assumptions of Theorem 
\1.5\ or u satisfies (^{3) and weakly solves ^ under the assumptions of Theorem \1.6l If there exists 
to £ (0, T) such that 

u{x,to) — for a.e. x G M.^ , 

then u = m X (0,T). 

There exists a large literature dealing with strong continuation properties in the parabolic 
setting. f2P (see too [22l) studies parabolic operators with time- independent coefhcients 

obtaining a unique continuation property at a fixed time to', the used technique relies on a repre- 
sentation formula for solutions of parabolic equations in terms of eigenvalues of the corresponding 
elliptic operator and cannot be applied to more general equations with time-dependant coefficients. 
[26] and [30| use parabolic variants of the Carleman weighted inequalities to obtain a unique con- 
tinuation property at fixed time to for parabolic operators with time-dependant coefficients. In 
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this direction, it is worth mentioning the work of Chen [8] which contains not only a unique con- 
tinuation result but also some local asymptotic analysis of solutions to parabolic inequalities with 
bounded coefficients; the approach is based in recasting equations in terms of parabolic self-similar 
variables. We also quote jH [H [13 [HI [SI E] for unique continuation results for parabolic equations 
with time-dependent potentials by Carleman inequalities and monotonicity methods. 

The present paper is organized as follows. In section [21 we state some parabolic Hardy type 
inequalities and weighted Sobolev embeddings related to equations ([2]) and dH) . In section [3l 
we completely describe the spectrum of the operator L defined in (|T4l) and prove Proposition 
11.41 Section [4| contains an Almgren parabolic monotonicity formula which provides the unique 
continuation principle stated in Proposition 11.81 and is used in section [Sj together with a blow-up 
method, to prove Theorems 1 1 . 5 1 and 1 1 . 6 1 

Notation. We list below some notation used throughout the paper. 

- const denotes some positive constant which may vary from formula to formula. 

- dS denotes the volume element on the unit [N — l)-dimensional sphere §^~^. 

- ojn-i denotes the volume of S^"-'^, i.e. ojn-i = /gw-i dS{9). 

- For all s G R, {s)i denotes the Pochhammer's symbol {s)i ~ nj=o(* + (^)o ^ 

2. Parabolic Hardy type inequalities and Weighted Sobolev embeddings 

The following lemma provides a Hardy type inequality for parabolic operators. We refer to [251 
Proposition 3.1] for a proof. 

Lemma 2.1. For every t > and u Cz Ht there holds 

[ ^^G{x,t)dx^ \ / u\x)G{x,t)dx+ ^ f \Vu{x)\^Gix,t)dx. 

Jr« kr - 2)t j^N {N - 2Y j^N 

In the anisotropic version of the above inequality, a crucial role is played by the first eigenvalue 
/^i(a) of the angular operator — Agw-i — a{9) on the unit sphere §^^^ defined in (fT5|) . 

Lemma 2.2. For every a G L°°(§^~^) , t> Q, and u dTit, there holds 
[ (\Wu{x)\^~^^^^^uHx)]Gix.t)dx + ^^^ f u^{x)G{x,t)dx 

Proof. Let u e C^i^^ \ {0}). The gradient of u can be written in polar coordinates as 
Vu(a;) = (5^M(r,6l))6l-K ivs«-iM(r,6'), r ^\x\, ^ ^ 

hence 

\Vu{x)f = \dru(r,d)'^ -f^ ^|Vsiv-iu(r,6l)|^ 
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and 

(29) / (\Vu{x)\^ ~^^^^u\x)]G{x,t)dx 



+00 2 \ 

r'^-^e-''^\dru{r,e)f dr] dS{e) 



+ t-^ ( j^^ ^ [|Vs«-iu(r, e)\^ - a(0)|u(r, e)\^] j dr. 

For all e e §^~\ let ipg € C^HO, +00)) be defined by ipeir) = u{r, 9), and ipe G C^O^^ \ {0}) be 
the radially symmetric function given by ipeix) — fg{\x\). From Lemma |2. 11 it follows that 

(30) t'^ f (T r^-^e-'i\dru{r,9)\^dr]dS{0) 

= r^ f (f r^-^e-^\^'e{r)\^dr]dS{0) 
[ (I \V^g{x)\''G{x,t)dx\dS{e) 

J^N-i VJr« / 

^-^(^/ il \^GMdx)dSie) 



1 N -2 



\^e{x)\'^G{x,t)dx ] dS{0) 



\2 r / /•+00 ^jv-i 



_t-f^^f ( r^-^e-'^\u{r,0)\^dr]dSie) 

^iN_2lr vMGix,t)dx^^ [ uHx)G{x,t)dx, 

where lon-i denotes the volume of the unit sphere §^~^, i.e. ujn-i = /§«-! dS{9). On the other 
hand, from the definition of /ii(a) it follows that 



(31) / [\\7s-'Mr,9)?-aie)\uir,e)\^]dS{e)^ fi,{a) \uir,e)\^dS{9). 

From (HH), (1201), and ^H), we deduce that 



,2 a{x/\x\) 2, ^^ ,x , , / 2, 



|Vm(x)|^ - \^;^ " u\x) ) ^(x.t)^^^- / u^{x)G{x,t)dx 



for all u e C^°°(M^ \ {0}), thus yielding the required inequality by density of C^{R'^ \ {0}) in 
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The following corollary provides a norm in T-Lt equivalent to || • and naturally related to the 
heat operator with the Hardy potential of equation ([Ij. 

Corollary 2.3. Let a G L°°(§^-i) satisfying ^W^. Then, for every t > 0, 

{\Vu{x)\^-^^^^u\x))Gix,t)dx + ^J^,,uHx)G{x,t)dx 

inf ■ — ■ 

uent\{o} J^^\\7u{x)\'^G{x,t)dx+ ^ J^,, u^{x)G{x,t) dx 

.^^ {\Vv{x)\^ - vH^)) G{x, l)dx + ^ V v\x)G{x, 

~ veu\{o} 4„ |Vt;(a;)|2 G{x, 1) dx + ^ v^{x)G{x, 1) dx 

Proof. The equality of the two infinium levels follows by the change of variables u{x) — v{x/ \/t). 
To prove that they are strictly positive, we argue by contradiction and assume that for every e > 
there exists G H \ {0} such that 



\/v^{x)\^^^^^Mlv^^{x))Gix,l)dx+^^^ [ v^4x)Gix,l)dx 

<e( f \Vv,{x)\^G{x,l)dx + ^^^-—^f v'^,{x)G{x,l) dx ] , 



which, by Lemma |2.2[ implies that 

f a \ {N-2)^\ f v^,{x) ^, 



[\Vv,ix)\'-0^v'Ax)^G{x,l)dx + ^ I viix)G{x,l)dx<0 



and consequently 



By continuity of the map a i— > fJ,i{a) with respect to the L°°{§ j-norm, letting £ — > the above 

inequality yields fii{a) + ^^^^-^ ^ 0, giving rise to a contradiction with (ITBl) . □ 

The above results combined with the negligibility assumption Q on ft, allow estimating the 
quadratic form associated to the linearly perturbed equation ^ for small times as follows. 

Corollary 2.4. Let a e L°°(§^-i) satisfy (B^ and h & ^^^(1^^ \ {0} x (0,r)) satisfy gp. Then 
there exist C[,C2 > and Ti > such that for every t g (0,ri), s e (0,r), and u Cz Ht there 
holds 

Wu{x)\^ - ^MMl u^(x) - h{x, s)u^{x)] G{x,t) dx 



^ G'l f —rKJ-G{x,t)dx ^ I v?{x)G{x^t) dx 



Vm(x)P - "^f/*^"^*^ u^{x) - h{x,s)u\x)] G{x,t) dx + ^^^-^ I u'{x)G{x,t)dx 



4t 

\\7u{x)\^ G{x,t)dx + - [ u^{x)G{x,t)dx 

t Jon 
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Proof. From ([4]), we have that, for every u E Ht, there holds 



(32) 



h{x, s)u^{x)G{x, t) dx 



sCCh( / u\x)G{x,t)dx+ / \x\-^+^u^{x)G{x,t)dx 

,2 



^Ch(^J u^{x)G{x,t)dx+t'/^ J ^!^G{x,t)dx + r^+'/^ J u^{x)Gix,t)dx 



Gh 



(t + f/^) [ u^{x)G{x,t)dx + Ghf'^ I '^^G{x,t)dx. 



The stated inequahties fohow from ([5^ . Lemma [^TTl CoroUarv l2.31 and assumption □ 

In order to estimate the quadratic form associated to the nonhnearly perturbed equation (j6|), we 
derive a Sobolev type embedding in spaces T-Lt- To this purpose, we need the fohowing inequahty, 
whose proof can be found in [11, Lemma 3]. 

Lemma 2.5. For every u E H, \x\u G C and 

4/ \x\'^u^ix)G{x,l)dx [ \\7u{x)\^G{x,l)dx+^ [ u^{x)G{x,l) dx. 

The change of variables u{x) — v{x/ \/t) in Lemma 12.51 yields the following inequality in T-Lf 
Corollary 2.6. For every u G T-Lt, there holds 

\x\^u^{x)G{x,t)dx ^ I \\7u{x)fG{x,t)dx + ^ [ {x)G{x,t) dx. 



From Lemma 1^3] and classical Sobolev embeddings, we can easily deduce the following weighted 
Sobolev inequality (see also [H]). 



Lemma 2.7. For all u eV. and s G [2, 2*], there holds UyjG{-, 1) G L''(R^). Moreover, for every 
s G [2, 2*] there exists Cs > such that 



\u{x)YG^{x,l)dx\ i^Gsi I {\Vu{x)\'^ +u^{x))G{x,l)dx 

J V JR" 



for all u (z H. 

Proof. From Lemma [^31 it follows that, if u G then u^/G(~T) G iJ^(R^); hence, by classical 
Sobolev embeddings, Uy/G{-, 1) G i''(R^) for all s G [2,2*]. The stated inequality follows from 
classical Sobolev inequalities and Lemma [2.51 □ 



The change of variables u{x) — v{x/\/t) in Lemma 12.71 yields the following inequality in Tit- 
Corollary 2.8. For every t > 0, u E Tit, and 2 ^ s ^ 2*, there holds 

2 

\u{x)\'Giix,t)dxy ^ 
The above Sobolev estimate allows proving the nonlinear counterpart of Corollarv 12.41 
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Corollary 2.9. Let a e L°°(S^-i) satisfy and tp e C'^{R^ x (0, T) x R) satisfy 0j for some 
1 ^ p < 2* — 1. T/ien f/iere exist C'{ > and a function T2 : (0, +00) — > R stic/i t/iat, for every 
R>0,te {Q,T2{R)), s e (0,r), andue {v e -Ht nLP+i(R^) : ||u||lp+i(r«) =^ i?}, there holds 



Vw(x)|^ ^. ^'^ M^(a;) — s, u{x))u{x) \ G{x, t) dx H / u^{x)G{x,t) dx 



4t 

|Vw(a;)|2G(a;,t)dx + I /" u^{x)G{x,t) dx 



Proof. From (O, Holder's inequality, and Corollary [ZH we have that, for ah u G 'HtnLP+^(R^), 
there holds 



(33) 



>p{x, s, u{x))u(x)G{x, t) dx 



i^cJ [ u^{x)G{x,t)dx+ [ u^{x)\u{x)\P-^G{x,t)dx 

2 

i^cJ I u\x)G{x,t)dx+( I \u{x)\P+^G^{x,t)d^'^' Wuf'l,, 



(W + 2)~p(W-2) 



/ (W + 2)-p(W-2) \ 1 /" 

+ (^t + Cp+it ^(^+1) ||m||^p|i(r„ J - / u2(x)G(x, i) dx 



with Cp+i as in Corollarv l2.8l The stated inequality follows from Corollarv l2.3l and ((55)) by choosing 
t sufhciently small depending on ||u||2,p+i(rn). □ 

3. Spectrum of Ornstein-Uhlenbeck type operators with inverse square 

potentials 

In this section we describe the spectral properties of the operator L defined in (fH|) , extending 
to anisotropic singular potentials the analysis carried out in }32| for a = X constant. Following 
[14j . we first prove the following compact embedding. 

Lemma 3.1. The space % is compactly embedded in C 

Proof. Let us assume that Uk ~^ u weakly in H. From Rellich's theorem — > w in Lf^^{W'^). 
For every R > Q and A; e N, we have 

(34) / \uk-ufG{x,l)dx = AkiR)+BkiR) 
where 

(35) Ak{R)^ I |ufe(x) -u(a;)pe~l^l'/*dx ^ as A: ^ +00, for every i? > 

Jux\<m 



and 



Bk{R)^ / \uk{x)^u{x)\''G{x,l)dx. 
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From Lemma 12.51 and boundedness of Uk in "H, we deduce that 

— u{x)\'^G{x, 1) dx 



(36) Bk{R)^R-^J^ 



\x\>B.} 

^ ^2 fl6 / |VK - u){x)\^G{x, 1) dx + m f \uk{x) - u{x)\^G{x, 1) dx] ^ 

Combining ([M)) . ([55)) . and ([5^ . we obtain that ut ^ u strongly in £. □ 
From classical spectral theory we deduce the following abstract description of the spectrum of i. 

Lemma 3.2. Let a e i°°(S^^^) such that U6\} holds. Then the spectrum of the operator L defined 
in ^14^ consists of a diverging sequence of real eigenvalues with finite multiplicity. Moreover, there 
exists an orthonormal basis of C whose elements belong to % and are eigenf unctions of L. 

Proof. By Corollarv l2 . 3l and the Lax-Milgram Theorem, the bounded linear self-adjoint operator 

/ N-2 " 
T:C-^C, T={l + — — Id 



is well defined. Moreover, by Lemma [331 T is compact. The result then follows from the Spectral 
Theorem. □ 

Let us now compute explicitly the eigenvalues of L with the corresponding multiplicities and 
eigenfunctions by proving Proposition [T^l 

Proof of Proposition ll.4l Assume that 7 is an eigenvalue of L and g E 'H\{0} is a corresponding 
eigenfunction, so that 

A / ^ Vg(x) • X a(x/\x\) , . , , 

(37) -Ag{x) + ^^ 1^5(2;) =75(2;) 

in a weak "H-sense. From classical regularity theory for elliptic equations, g G C[q"(M^ \ {0}). 
Hence g can be expanded as 



g{x) = g{r9) - ^ Mr)M0) in L^S""-'), 

k=l 

where r = € (0, +00), 9 = x/\x\ E §>^^^, and 



Mr) = / g{re)MO)dSie). 



Equations ([TT]) and ([57)1 imply that, for every k, 

N-l r\ , / ^lk 



(38) ^;^+ ( ____)^;^ + (^_^)0,^O in(0,+oo) 

Since g € H, we have that 
(39) 

f°° / r \ 2 



00 > / g\x)Gix,l)dx ^ / / g''{re)dS{e)]r'^-'e-- dr^ / r'" - ' e~ - Mr) dr 







and, by the Hardy type inequality of Lemma 12. 1[ 

(40) 00 > / ^!MG(x,l)da; ^ / r^'"^ e-"^ 4>l{r) dr. 

jR" fI 
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Forallfe = 1,2, ... and t > 0, we define Wfe(t) {At)^ (f>k{Vii), with = + l^k{a). 

From Wk satisfies 

tw'l{t) +(^-ak-t^ w'kit) + + 7) wk{t) = in (0, +^). 

Therefore, Wk is a solution of the well known Kummer Confluent Hypergeometric Equation (see 
[3] and [13] )• Then there exist A^, Bfe e M such that 

Wk{t) = Akhli^ - ^ - -f,^ - ak.t^ + Sfc[/(-^-7,y-afc,t), te (0,+oo). 

Here M{c,b,t) and, respectively, U{c,b,t) denote the Kummer function (or confluent hypergeo- 
metric function) and, respectively, the Tricomi function (or confluent hypergeometric function of 
the second kind); M(c, 5, t) and U{c,b,t) are two linearly independent solutions to the Kummer 
Confluent Hypergeometric Equation 

tw"it) + (6 - t)w'{t) -ct^O, te (0, +00). 

Since — at) > 1, from the well-known asymptotics of J7 at (see e.g. |3]), we have that 

u(-^--f,^-ak,t) - constt^~-5^+"''- as t ^ 0+ , 



2 "2 

for some const 7^ depending only on N, 7, and a^. On the other hand, M is the sum of the series 



We notice that M has a finite limit at 0+, while its behavior at 00 is singular and depends on the 
value -c= If ^^-^7 = TO e N = {0, 1,2,- • •}, then M(- ^ - 7, f - a^, is a polynomial 

of degree m in t, which we will denote as Pk,m, i-C-, 



Pk,m{t) = m( - TO, f - afc,t) = 



If + 7) ^ N, then from the well-known asymptotics of M at 00 (see e.g. |3]) we have that 
m( - ^ - 7, ^ - ak^t] ^ const e*'t~^^^~^ as t ^ +00, 



2 "2 

for some const ^ depending only on TV, 7, and Uk- 

Now, let us fix fc G N, /c ^ 1. From the above description, we have that 

Wkit) - const Bkt^^'^+°"' as t 0+, 
for some const 7^ 0, and hence 

2 

0fc(r) = r-^^Wfel^^^ ~ const Bfcr2-^+"'= as r -> 0+, 
for some const 7^ 0. Therefore, condition (j40|) can be satisfied only for Bk ^ 0- If ^ -f 7 ^ N, then 

Wk{t) ^ const AkeH^^^^~'' as t +00, 
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for some const ^ 0, and hence 

2 

't'k{T) = const ylfer~^~^^e''^/^ as r +oo, 

for some const ^ 0. Therefore, condition ([M]) can be satisfied only for = 0. If ^ + 7 = rn G N, 
then r^^*" Pk.miJx) solves moreover the function 

I,i-.P,,„(M!),,(^) 

belongs to "H, thus providing an eigenfunction of L. 

We can conclude from the above discussion that if ^ + 7 ^ N for all A; e N, fc 1 , then 7 is 
not an eigenvalue of L. On the other hand, if there exist fcoj™o G N, /cq 1, such that 

7 = 7mo,feo = "^0 - ^ 

then 7 is an eigenvalue of L with multiplicity 

(41) to(7) = w(7„„,fej ^ #|j e N, j ^ 1 : 7^0, fc^ + ^ G n| < +00 

and a basis of the corresponding eigenspace is 

The proof is thereby complete. □ 

Remark 3.3. If a(B) = 0, then ^lk{0) = k{N + k-2), so that ak = - \J + kf = -k, 

and 7m, fe = f + m. Hence, in this case we recover the well known fact (see e.g. [8] and [2]) 
that the eigenvalues of the Ornstein-Uhlenbeck operator — A + | • V are the positive half-integer 
numbers. 

Remark 3.4. Due to orthogonality of eigenfunctions {4>k]k in i^(S^~'^), it is easy to verify that 

if (TOi,fci) 7^ (^2,^2) then Vmi,ki and Vm2,k2 ^'^^ orthogonal in C. 
By Lemma [221 it follows that 

is an orthonormal basis of C. 

4. The parabolic Almgren monotonicity formula 
Throughout this section, we will assume that a £ L°° (S^^^) satisfies (fT6|) and either 

(I) w is a weak solution to ([2|) with h satisfying ([3]) and (jlj 
or 

(II) u satisfies ([THHl) and weakly solves © for some (p G C\R^ x (0,r) x R) satisfying ©. 
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We denote as 

ih{x,t)s, in case (I), 
\Lp(x,t,s), m case (11), 

so that, in both cases, u is a weak solution to (HI) in x (0, T) in the sense of Definition ll.il Let 

(42) T=|^^' in case (I), = ^^^^ W' 

^ ^ \r2(-Ro), in case (II), \C'^, in case (II), 

being C[,Ti as in Corollary [lH and Cf,T2(i?o) as in Corollary [lH with 

i?0 = sup ||u(-,t)||LP+i(K«) 

te(o,T) 

(notice that i?o is finite by assumption (O). We denote 

T 



2{[T/T\ + 1) ' 

where [-J denotes the floor function, i.e. [xj := inax{j G Z : j ^ x}. Then 

k 

(0,r) = |J(a„6,) 

where 

fc = 2([T/rJ + l) - 1, ai^{i-l)a, and 6, = (i + l)a. 

We notice that < 2a < T and (oi, 6i) n (0^+1,6^+1) — {ia, {i + l)a) ^ 0. For every i, 1 ^ i ^ fc, 
we define 

(43) Ui{xA) ^u{x,t + a^), x G M^, t G (0, 2q;). 

Lemma 4.1. For every i — 1, . . . , k, the function Ui defined in \^S^ is a weak solution to 



(44) (u,)t + Au, + ^^i^/M + f{x, t + a„ u,{x, t)) = 

in X (0,2a) in the sense of Definition \l.l\ Furthermore, the function Vi{x,t) :~ Ui{\/ix,t) is 
a weak solution to 

(45) {v,)t + i (^Au, - I • Vw, + + t + a^,v^{x, t))^ ^ 
in X (0, 2a) in the sense of Remark \l.S[ 

Proof. If i = 1, then ai ~ 0, ui{x,t) — u{x,t) in x (0,2a), and we immediately conclude. 
For every 1 < i ^ fc, 7^ 0, and, being G{x,t) as in the following properties hold for all 
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(i) G{x,'-^)G{x,t) = {'^X''/'G{x,t-a.); 

(ii) a <l>ent-a., then <j>G{;'-^) eUt; 

(iii) if e ("Ht)"^, then ?/' € {Ht-a,T and 

Let 1 < i ^ A: and (f) G Ht-ai- Due to (ii), (j)G{-^ ) G and then, since u is a solution to 

([1]) in the sense of of Definition II. 1[ for a.e. t G (a^, 6^) we have 



(46) (.. + ^,^G(.,Mlz^)\ 



Vu{x,t)-Vcj^{x)G{x,'-^)G{x,t)dx- f ^(^)^l^-^^<^G{x/-^)G{x,t)dx 

i)</)(a;)G(a;, ^i^^)G(a;, t) dx- / /(x, t, u{x, t))^{x)G{x, 'J^)G{x, t) dx. 
Therefore, thanks to (i) and (iii), we obtain 

^^^ vuix,t)-x ^\ ^ r /'^^(^^^^.^^(^^.^(^/Nl^^^^^)^^^^^^^^^,^^)^^ 

2(t - a^) I jRiV V \A J 

— I f{x,t,u{x,t))(f){x)G{x,t — ai) dx. 

By the change of variables s = t — ai, we conclude that Ui(x, t) — u{x, t + a^) is a weak solution to 
(pl) in X (0, 2a) in the sense of Definition ll.il By a further change of variables, we easily obtain 
that Vi(x, t) :— Ui{y/tx, t) is a weak solution to (|45|) in x (0, 2a) in the sense of Remark ll.31 □ 

For every i = 1, . . . , fc, we define 

(47) H,{t) = uf{x,t)G{x,t)dx, for every t e (0, 2a), 



and 



«(r) 



(48) A(t) = / ( |Vu,(a;, i)|^ - --J|-u2(x, t) - /(x, i + a„ w,(x, ^))^^^(x, t) ) G(x, t) dx 
for a.e. t e (0, 2a). 

Lemma 4.2. For ewer?/ li^i^k, H,e T4^io'c (0, 2a) and 

/ Vu • X \ 

(49) i?K^) = 2 /{u,)t + ^—,u,{-,t)) =2A(t) /or a.e. (0,2a). 

Proof. It follows from Lemma H?!] and Remark [Till □ 
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Lemma 4.3. // Ci is as in 114 S^ , then, for every z = 1, . . . , fc, the function 

t ^ t-^'^'^+^ H,{t) 

is nondecreasing in (0,2a). 



Proof. From Lemma IT2] and Corollaries 12.41 and 12.91 taking into account that 2a < T, we have 
that, for all t G (0,2a), 



H'S)^-(2C,-^]H,it), 



which implies 



dt 



t-^^^+^H,{t) ] ^ 



Hence the function 1 1-^ t ^Ci+^a ^ Hi{t) is nondecreasing in (0, 2a). 



□ 



Lemma 4.4. If 1 ^ i ^ k and Hi{t) — for some t e (0,2a), then Hi(t) — for all t e (0,t]. 

Proof. From Lemma the function 1 1-> t^^'^'-^ ~ Hi{t) is nondecreasing in (0, 2a), nonneg- 
ative, and vanishing at t. It follows that Hiit) — for all t e (0,t]. □ 

The regularity of Di in (0, 2a) is analyzed in the following lemma. 

Lemma 4.5. Ifls^i^k and Ti € (0,2a) is such that Ui{-,Ti) e "Ht^; then 



Ti 



(i) 

(ii) the function 



{ui)t{x,t) + 



Vui{x, t) ■ X 



2t 



G{x, t) dx \ dt < +CX) for all r G (0, Ti); 



t ^ tD,{t) 



belongs to W^ioc(0,Ti) and its weak derivative is, for a.e. i G {0,Ti), as follows: 
(I) 



- {tD,{t)) = 2t 



+ / h{x,t + ai) 



{Ui)t{x,t) + 

'iV-2 



Vui{x, t) ■ X 



2t 



G{x, t) dx 



2 u1{x,t) + {Vui(x,t) ■ x)ui{x,t) —ul{x,t)\ G{x,t)dx 

— t ht{x,t + ai)uf{x,t)G{x,t) dx; 
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(11) 



dt 



{tD,{t)) ^ 2t 



{Ui)t{x,t) + 



Vui(a;, t) ■ X 



2t 



G{x, t) dx 



dip 



+ t I yip{x,t + ai,Ui{x,t)) - ^(2^1* + ai,Ui{x, t))ui{x,t)j {ui)t{x,t)G{x,t) dx 

N — 2 / \\ / \ dip , / w / \ 

— - — (p{x,t + ai,Ui(x,t))Ui(x,t) - t—[x,t + ai,Ui[x,t))Ui[x,t) 

— N^{x, t + Qi, Ui{x, t)) — V^$(a;, t + a^, Ui{x, t)) ■ x \ G{x, t) dx 



At 



2^{x, t + ai,Ui{x, t)) — Lp{x, t + at, Ui{x, t))ui{x, t) ) G{x, t) dx 



whe 



^ix,t,s) = / (p{x,t,^)dC 
Jo 



Proof. Let us first consider case (I), i.e. f{x,t,u) = h{x,t)u, with h{x,t) under conditions 
([SHl]). We test equation (|45|) with (wi)*; we notice that this is not an admissible test function for 
equation ()45p since a priori (wi)t does not take values in H. However the formal testing procedure 
can be made rigorous by a suitable approximation. Such a test combined with Corollarv 12 . 41 vields . 
for all t e (0,Tj), 



{v,)f{x,s)G{x,l)dx ds ^ const IMy^Ti ■,Ti)\\^ + / vtix,t)G{x,l) dx 



Ti 



/i(\/sa;, s + fli) [ ——vf{x, s) 



Ti 



\'vi{x, s) ■ X 



hs{y/sx, s + ai)vf{x, s)G{x, 1) dx I ds 



Vi{x, s) 



N-2 



Wj (x, s) ) G{x, 1) dx I ds 



Since, in view of ([3H11) and Lemmas 12.11 and l2.5[ the integrals in the last two lines of the previous 
formula are finite for every t G (0,T!j), we conclude that 



(wOt e L2(r,T,;£) for all r e (0, T,). 
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Testing (|45l) with {vi)t also yields 

i-Ti 

{vi)f{x, s)G{x, 1) dx I ds 



1 I (\Vv,{x,t)\^ - "^1^1^ vf{x,t) - th{Vix,t + ai)vf{x,t)\G{x,l) dx 

2 Jrn V \x\ J 

V«o,.(a:)P - ^^^^ «o',,(^) - TMVt\x, T, + aO<,(x)^ G(x, 1) dx 

I y h[y/sx, s + ai)[—^Vi {x,s) Vi[x, s) — (x, s) I G(x, 1) I ds 

hg{\/sx^ s + ai)v1{x, s)G{x, 1) dx ) ds, 



S 



for all t G (0,Ti), where i;o.i(a;) := Ui{^/IiX,Ti) e "H. Therefore the function 



\Wv^{x,t)f - "^f^t^^'' Vi{x,t) - th{Vix,t + ai)vf{x,t))G{x, 1) dx 



1 1~> 

is absolutely continuous in {T,Ti) for all t G (OjTi) and 

dt Jrjv V y 

— / /i(\/tx, t + fli) I — — ti^(x, i) — (Vwi(x, • x)wi(x, i) — vl{x,t)\G{x,l) dx 

Jk« \ 4 2 / 

— t / /is(\/sx, s + ai)wf (x, s)G'(x, 1) dx. 

The change of variables Ui{x,t) = Vi{x/\/t,t) leads to the conclusion in case (I). 

Let us now consider case (II), i.e. /(x, t, u) = (p{x, t, u) with (p satisfying ([5]) and u satisfying ([7]- 
[8|). We test equation (j45|l with {vi)t (passing through a suitable approximation) and, by Corollary 
\2M we obtain, for alH e (0, T,), 

(i;i)?(x,s)G(x, l)dx^ ds < const (^\\ui{^/l\ ■,T^)\\^ + J vf {x,t)G{x,l) dx^ 
(p{\/sx, s + Qi, Vi{x, t)){vi)t{x, t)G{x, 1) dx I ds 
ip{y/sx, s + ai, Vt{x, t))vi{x, s)G(x, 1) dx ) ds. 



s 



1 f^^ d 



ds 

Since in view of hypothesis ^ on ip, conditions Q and ([8]) on u, and Lemma [2771 the integrals at 
the right hand side lines of the previous formula arc finite for every t G (0,Ti), we conclude that 

{v^)t e L^{t,T,-£) for all r e (0,T,). 
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Testing (|45l) for Vi with {vi)t also yields 



Ti 



(x, s)G{x, 1) dx ) ds 



^ ./b« V 



'o.ii^) ~ Tiifii^/YiX^T + ai,Vo,i)vo^i{x) I G(a::, 1) dx 



Ti 



(/7(-\/sx, s + ai,Vi{x, t)){vi)t{x, t)G{x, 1) da; j ds 



+ 2^ ^(s/ i^(i/sx, s + Oi, Ui(a;, s))i;i(a;, s)G'(a;, 1) dx ) ds, 



for a.e. t S (0,Ti), where wo,i(a;) := Ui{\/TiX,Ti) £ H. Therefore the function 



1 1-> 



|Vw,(a;,t)|^ 



a(x/|x|) 



vf{x, t) — tip{Vtx, t + Oi, Vi{x, t))vi{x, t) I G{x, 1) dx 



is absolutely continuous in (0,t) for all r e (0,Ti) and 



4 / (|V?;,(x,t)|2-^^^^^t;,2(x,t)-i(^(%/ix,t + a,,t;,(x,i))w,(x,t))G(x,l)dx 
dt Jk« V / 

= 2t / (-D,)?(a;,i)G'(x, l)dx + 2t / ip{Vtx,t + ai,v^{x,t)){v^)t{x,t)G{x,l) dx 
— — ( i /" (y5(-\/tx, i + tti, Ui(x, i))wi(x, t)G(x, 1) dx 



The change of variables Ui{x,t) = Vi{x/^/t,t) leads to 



at ./jjN 



{Ui)t{x,t) + 



Vui{x, t) ■ X 



2t 



G(x, t) dx 



+2t 



(p{x, t + ai,Ui{x, t)){ui)t{x, t)G{x, t)dx + j (p{x, t + a^, Mi(x, t))\'ui{x, t) ■ xG(x, i) dx 
d 



, ,t (p(x,t + ai,Ui{x,t))ui{x,t)G{x,t) dx 
dt \ ./rn 
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and hence 



{Ui)t{x,t) + 



\'Ui{x, t) ■ X 



2t 



G{x, t) dx 



+2t 



N -2 



ip{x, t + Qi, Ui{x, t)){ui)t{x, t)G{x, t)dx + / 1^9(2;, t + ai,Ui{x, t))\/ui{x, t) ■ x G{x, t) dx 

^p{x, t + tti, Ui{x, t))ui{x, t)G{x, t) dx — t [ -rf-ix, t + ai,Ui{x, t))ui{x, t)G{x, t) dx 

J^N at 



(x, t + ai, Ui{x^ t))ui{x, t) + ip{x, t + ai,Ui{x, t)) ) {ui)t{x, t)G{x, t) dx 



dip 
dui 

^—^ip{x, t + ai,Ui{x, t))ui{x, t)G{x, t) dx. 

Integration by parts yields (these formal computations can be made rigorous through a suitable 
approximation) 

tp{x, t + ai, Ui{x, t))S/ui{x, t) ■ X G{x, t) dx — —N I t + Oi, t))G{x, t) dx 



,t + tti, Ui{x, t)) ■ xG{x, t) dx 



f f 

+ ^'^{x,t + ai,u,{x,t))G{x,t)dx - Va;*(x,J 

thus yielding the conclusion in case (II). 

For alH = 1, . . . , fc, let us introduce the Almgren type frequency function associated to Ui 

tD,{t) 



□ 



(50) 



TV, : (0,2q!) RU{-oo,+oo}, N,{t) 



H,{t) 



Frequency functions associated to unperturbed parabolic equations of type ([TJ (i.e. in the case 
f{x,t,s) = 0) were first studied by C.-C. Poon in [3S], where unique continuation properties are 
derived by proving monotonicity of the quotient in (|50p. Due to the presence of the perturbing 
function f{x,t + ai,u{x,t)), the functions Ni will not be nondecreasing as in the case treated 
by Poon; however in both cases (I) and (II), we can prove that their derivatives are integrable 
perturbations of nonnegative functions wherever the A^i's assume finite values. Moreover our 
analysis will show that actually the A^i's assume finite values all over (0, 2a). 

Lemma 4.6. Let i E {1, . . . ,k}. If there exist (3i, Ti G (0, 2a) such that 

(51) |3^<T„ H,{t)>0 for allte{p,,Ti), and u^{-,T,) e Ht^, 

then the function Ni defined in ()50|) belongs to VV^^^{f3i,Ti) and 

N[{t) ^ Vu{t) + y2r{t) 

in a distributional sense and a.e. in (/3i,Ti) where 

Vui{x, t) ■ X 



2t 

^iiW = -ErT 



Hfit) 



{Ui)t{x,t) + 



2t 



(^{u,)tix,t) 



G{x, t) dx 

Vui{x, t) ■ X 
2i 



{x, t) G{x, t) dx 



Ui{x, t)G{x, t) dx 
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and V2i is as follows: 
in case (I) 

'^2i{t) = 75-7- / h{x, t + a.,) ——uj{x, t) + {\/u,{x, t) ■ x)u,{x, t) - ^-^ufix, t) ] G(x, t) dx 

t 



(11) 



ht{x^ t + ai)u^ {x, t)G{x, t) dx \ , 



V2i{t) = TTTTT \t [ (^ix,t + Oi, Ui{x,t)) - ^{x,t + ai,Ui{x,t))ui{x,t)] {ui)t{x,t)G{x,t) dx 

+ [ ( — — ipix,t + ai,Uiix,t))ui{x,t) ~ t^{x,t + ai,Ui{x,t))ui{x,t) 
je« \ z 01 

— N^(x, t + Oi, Ui{x, t)) — Vx^ix, t + Oi, Ui{x, t)) ■ x^ G{x, t) dx 
+ / ^-^(2^{x,t + ai,Ui{x,t)) - (p{x,t + ai,Ui{x,t))ui{x,t))G{x,t) dx 



Proof. From Lemma W% and H31 it follows that e Wl^l{fii,T.j). From (gH]) we deduce that 

which yields the conclusion in view of (|T7|) . pS)) . and Lemma [4.51 □ 
The term V2i can estimated as follows. 

Lemma 4.7. There exists C3 > such that, if i & {1, . . . , fc} and /3i, Ti S (0, 2a) satisfy \51]) . then 

{Cz{N,{t) + ^){t-^+'/^ + \\ht{-,t + ai)\\L^l.^^M)), m case (I), 
y2^{t)\ ^ \ C^{N,{t) + ^) r^+T^T^^, in case (II) i/i = 1, 

[c3/3-i(iV^(i) + ^) r'+T^^, 2« case (II) if i > I, 

for a.e. i G {/3i,Ti), where vn is as in Lemma\4-6\ 
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Proof. Let us first consider case (I), i.e. f{x,t,u) = h{x,t)u, with h{x,t) under conditions 
dSHll). In order to estimate 1^21 we observe that, from ([4]), 



(52) 



h{x, t + ai){Vui{x, t) ■ x)ui{x, t)G{x, t) dx 
^Ch [ {l + \x\-^+')\Vu,{x,t)\\x\\u,ix,t)\Gix,t)dx 

^Cht I \Vu^{x,t)\^■^\u^{x,t)\G{x,t)dx+Cht''^ 



t 



+ Chf'^ / \yu,{x,t)y-^\u,{x,t)\G{x,t)dx 
^\Ch{t + f/^) I \\Iu,{x,t)\^G{x,t)dx + \Ch{t + f/^) I \^u1{x,t)G{x,t)dx 
+ \Cht'''' [ |Vu,(x, t)\^G{x, t) dx + ]-Ght''^ I ^) 



\x\^ 

t2 



1 ./2 [ u'iix.t) ^ 



u^,{x,t)G{x,t)dx + ^Chf^'^ I -^j-^G{x,t)dx, 



and 



(53) 



\h{x,t + a{)\\x\'^uj{x,t)G{x,t)dx ^Ch / |a;|^u- (x, i)G(a;, t) dec 



+ / \x\-'+'^\xYui{x,t)G{x,t)dx 



s^Ch \x\^uj{x,t)G{x,t)dx + Ght''''^ uf{x,t)G{x,t)dx 

Jr" J{\x\^Vi} 



+ Cht-^^'^^ / \x\^uf{x,t)G{x,t)dx 

J{\x\^Vt} 



^Cht-^+'/'^il + T^ ''^) j \x\^uf{x,t)Gix,t)dx + Ght'/^ [ u1{x,t)G{x,t)dx, 

Jr" 7r" 



for a.e. t G {f3i,Ti). Moreover, by Holder's inequality and Corollary 



(54) 



\ht{x,t + ai)\uf{x,t)G{x,t) dx ^ G2-t ^||ui|l^J|^t(-, t + ai)||i«/2(K«) 
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for a.e. t € (ft,Ti). Collecting ([32]), §^ and (HD), we obtain that 



(55) ly2^{t) 



const i"^/^ / 1 



uf{x, t)G{x, t) dx + 



G{x, t) dx 



+ 1 \Vu^{x,t)\^G{x,t)dx + — I \x\'^ut{x,t)G{x,t)dx 



u\\ht{-,t + ai)||^jv/2(RN). 



V2 



-^iwr ''''' 

From inequality ([SS]). Lemma [2?T| Corollary \2A\ and Corollary \2.6\ we deduce that there exists 
C3 > depending only on Ch, T, and N, such that, for a.e. t £ {(3i,Ti), 

{t)\ ^ + (^"'+'/' + \\ht{:t + 

thus completing the proof in case (I) . 

Let us now consider case (II), i.e. f{x,t,s) = (p(x,t,s) with ip under condition ([5]) and u 
satisfying (O and ([5]). From ([S]), we have that 

^ const / \u^(x,t)\'l\{ui)t{x,t)\G{x,t)dx 



(56) 



i^2i(0 



+ [ {\u,{x,t)\'' + \u,ix,t)\P+')G{x,t)dx+ [ ^-^{\u^{x,t)\'' + \u,ix,t)\P+')G{x,t)dx). 
From Holder's inequality, Corollarv l2.81 and assumptions ([7l-[8]), it follows that 
(57) t [ \u^{x,t)\'i\iui)tix,t)\Gix,t)dx 

\u,{x,t)\P'^^G^ {x,t) dx ) \\u{-,t + ai)\\'j~l^,^^A\ut{-,t + a,-)H ^ ^p+i 



^ const t p+i ' 



Lp+1-9 (R«) 



and, taking into account also Corollarv l2.6i 

(58) / ^-^{\u,{x,t)\^ + \u,ix,t)\P+')G{x,t)dx ^ f ^-^\u,{x,t)\'G{x,t)dx 



R« 



t + ai 



\u^{x,t)\P+^G'^{x,t)dx 



n 



( 1^ 



consti p+i 2 ifi = l, 

const ifz>l. 



i(a;,t + ai)|^+^ da; 



p-i 

p+i 



As in (l33t we can estimate 



(59) 



{\u,{x,t)\^ + |u,(x,i)|P+i)G(a;,t)d2; s$ const r^rr'^Hu,!!^^. 
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Collecting ((56|) . ([57|. ((58)) . and (|59l) . and using Corollary 12. 9[ we obtain that there exists some 
positive constant C3 such that, for a.e. t e {/3i,Ti), 

f^-^m- un.n\ _l ^» i-i i+w — f '„i m.h-\ ^ ^'-^ \ i ^ ' 

it) 



V2i (t) 



^t'^'^(tDdt) + ^m{t)) ^ c,{Nm + ^) ri+^^^^^, if z = 1, 



^^r^^'-^{tD,[t) + E^H^it)) = C,pr^{N,{t) + ^) t^+^^^ilS^, if ^ > 1, 



7W 

thus completing the proof in case (II). □ 

Lemma 4.8. There exists C4 > such that, if i € and Pi^Ti g (0,2a) satisfy \51\l . 

then, for every t G {l3i,Ti), 



N,{t) ^ 



Ci{^Ni[Ti) + -^^4-^), in case (I) and m case (II) i/i = 1, 



^ - C]/''' (7V,(r,) + ^), m case (II) 



4 

Proof. Let uu and as in Lemma 14.61 By Schwarz's inequality, 

(60) vu^Q a.e. in (/3„ TO- 

From Lemma 14. 6[ , and Lemma 14.71 we deduce that 

'~C^{Ndt) + ^) + \\ht{-,t + a,)||L«/2(K«)) , in case (I), 

'Cz{N,{t) + ^) — , in case (II) if i = 1, 

\~C3Pi^{N,{t) + ^) t-i+TH^, in case (II) if i > 1, 

for a.e. t € {Pi,Ti). After integration, it follows that 

N^{t) 

4 



l-N.it) ^ { 



(iV,(r,) + ^)exp(2fi7;^/2_^C3|l/idlLi((o,T),L"/^(R"))), incase (I), 
^ + (iV,(T0 + ^)exp(,4^^±g^T, ^<-^' ), incase(II),z=l, 
-i^ + (iV,(r.) + ^)exp(|gig^T, =<-^' ), incase(II),z>l, 



for any t S {f5i,Ti), thus yielding the conclusion. □ 

Lemma 4.9. Let i e {1, . . . If Hi ^ 0, then 

H,{t)>0 for allt E {Q,2a). 

Proof. From continuity of Hi, the assumption Hi ^ 0, and the fact that Ui{-,t) e Ht for a.e. 
t e (0, 2a), we deduce that there exists Ti £ (0, 2a) such that 

(61) H,{T,)>Q and u,{-,T,) eHt,. 

Lemma [4.41 implies that Hi{t) > for all t e [Tj,2a). We consider 

t, inf{s e (0,Tj) : H,{t) > for aU t G (s,2a)}. 
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Due to Lemma 14^ either 

(62) U=0 and Hi(t) > for all t € (0, 2a) 

or 

'i/,(t) = if<e(0,t,] 



(63) < < Ti and 



Hi{t)>0 if <£(<,, 2a) 



The argument below will exclude alternative (j63l) . Assume by contradiction that (|63p holds. From 
Lemma and it follows 

where 

' + C4(iVi(r,;) + ^) in case (I) and in case (II) if i = 1, 

+ Cy*' (7V.(T,) + i^) in case (II) if * > 1, 
for a.e. t S {ti,Ti). By integration, it follows that 

(64) H,{t)^ :^|^ t^c. ^ g ^ ) _ 

By Hi{ti) — 0, giving rise to contradiction with ([M)) because of (pT|) . Therefore, we exclude 
([M]) and conclude that holds. □ 

Lemma 4.10. Let i <E {I, . . . ,k} . Then 

H,{t) = in (0, 2a) if and only if H,+i{t) = in (0, 2a). 

Proof. First, we prove that Hi{t) = in (0, 2a) implies Hi+i(t) = in (0, 2a). Let's suppose by 
contradiction that Hi+i{t) ^ 0. By Lemma [4.91 we conclude that Hi+i{t) > for all t £ {Q,2a). 
It follows that Ui+i{-,t) ^ for all t € (0,2a) and u{-,t) ^ 0, for all t e {ia, {i + l)a). Hence, 
Ui{-, t) ^ 0, for all t € (a, 2a) and thus if^ ^ in (0, 2a), a contradiction. 

Let us now prove that Hi+i{t) = in (0,2a) imphes Hi{t) = in (0,2a). Let's suppose by 
contradiction that Hi{t) ^ 0, then, by Lemma [4.41 Hi{t) > in (t, 2a) for some t G (a, 2a). 
Hence, Ui{-,t) ^ in (t, 2a) and then Ui-^i{-,t) ^ in (t — a, a), thus implying Hi+i{t) ^ 0, a 
contradiction. □ 

Corollary 4.11. //u ^ m x (0,r), then 

H.,{t) > 

for all t e (0, 2a) and i = 1, . . . , fc. In particular, 

(65) / u^{x,t)G{x,t)dx > for allt e {0,T). 

Proof. If u ^ 0, then there exists some iq G {!,..., fc} such that ^ in (0,2a). Hence, 
Hig(t) ^ in (0, 2a) and, thanks to lemma QUI Hi{t) ^ in (0, 2a) for ah i = 1, . . . , fe. Applying 
Lemma [4.91 we conclude that, for alH = 1, . . . , fc, Hi{t) > in (0, 2a), thus implying ([65]). □ 

Proof of Proposition [TTSl It follows immediately from Corollary 14. Ill □ 
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Henceforward, we assume u ^ and we denote, for all t £ (0, 2a), 
H{t) = Hi{t)^( u^{x,t)G{x,t)dx, 

D{t) = Di(t) = / (\Vu{x,t)\^ - ^^^^^u^(x,t) - f(x,t,u(x,t))uix,t)]G(x,t)dx. 

Jr"V m ) 

Corollary |4TT] ensures that, if u ^ in x (0,T), R{t) > for all t e (0,2a) and hence the 
Almgren type frequency function 

is well defined over all (0, 2a). Moreover, by Lemma [4. 6[ Af G W^io^ (0, 2a) and 

J\f'{t) ^ vi{t) + V2{t) for a.e. t e (0, 2a), 

where 

(66) vi{t)^vii{t) and V2{t) ^ V2i{t) , 

with J^ii,i^2i as in Lemma 14.61 Since, by (jlOp . u{-,t) G "Ht for a.e. t G (0,T), we can fix To such 
that 

(67) To G (0,2a) and m(-, To) G "Hto- 
The following result clarifies the behavior of M{t) as t — )■ 0+. 
Lemma 4.12. The limit 



7 lim Nit) 



exists and it is finite. 



Proof. We first observe that M{t) is bounded from below in (0,2a). Indeed from Corollaries 
and 12.91 we obtain that, for all t G (0, 2a), 

tD{t) ^ fci-^^VW' 



and hence 

A^- 2 



N{t) ^ a 



Let To as in ([57]) . By Schwarz's inequality, vi{t) ^ for a.e. t G (0,To). Furthermore, from 
Lemmas 14.71 and 14.81 V2 belongs to T^(G,To). In particular, M'{t) turns out to be the sum of a 
nonnegative function and of a function over (0,To). Therefore, 

M{t) = AA(To) - / 'V'(s)ds 



admits a limit as t — > 0+ which is finite in view of (1551) and Lemma [4.81 □ 
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Lemma 4.13. Let 7 := lim(_^o+ -^(^) be as in Lemma \4.1S\ Then there exists a constant Ki > 
such that 

(69) H{t) < Kit^^ for all t e (0, To). 

Furthermore, for any a > Q, there exists a constant if 2(0') > depending on a such that 

(70) H{t) ^ K2{(t) t^'<+'' for all t £ (0, To). 
Proof. From Lemma (pO)) . Lemma H771 and Lemma we infer that 



U{t)--i= I {vi{s) + V2{s))ds I V2{s)ds 
Jo Jo 

-CsC^AfiTo) + ^) /o + |l/it(-,s)||i«/2(R«)) ds, in case (I), 

-C3C4{Af{To) + ^) Jo s-i+^^^rp+r" ds, in case (II), 

'-C3C4(AA(To) + + ||/it|L.((o,T),L«/^(R«))t'-'/''), in case (I), 

JV+2-p(Ar-2) 



C,C,{U{To) + iv^) J^^t^^^^Ti^, in case (II) 



^ -C.t 



s 



with 



(71) 6 



min{£/2, 1 — 1/r}, in case (I), 
''+^-p(^-^) in case (II), 



2(P+1) 

for some constant C5 > and for all t G {0,Tq). From above and (|49l) . we deduce that 



(log Hit))' = = ^AA(t) ^ ^7 - 2C5t-i+^ 



Integrating over (t, Tq) we obtain 

^^(T^o) 

'0 



J n 

for aU t e (0, To), thus proving ([69]) . 

Let us prove (|70l) . Since 7 = limj_j.o+ A/'(t), for any ct > there exists t^ > such that 
Af{t) < 7 + cr/2 for any t E (0, to-) and hence 

H'jt) _ 2Af{t) 27 + (7 
iJ(t) ^ t t ' 

Integrating over the interval {t,t„) and by continuity of H outside 0, we obtain (170]) for some 
constant K2{c^) depending on a. □ 
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5. The blow-up analysis 
If u is a weak solution to ([T]) in the sense of Definition 1 tlien, for every A > 0, the function 

u\{x, t) = u{Xx, X^t) 

is a weak solution to 



(72) {ux)t + Aux + 

in the sense that 

\\ux{-,t)\\'^^dt < +00, 



a{x/\x\) 



UA + A2/(Aa;,A2t,UA) = 



X (0,T/A2), 



{ux)t + 



Vu\ ■ X 



2t 



< +00 for all T G 



2t 



-,w 



for a.e. t S (O, p-) and for each w ^Tit- The frequency function associated to the scaled equation 
dZH) is 

(73) Afx{t) = 

where 

Dx{t) = 

Hx{t) - 



Vuxix, t) ■ Vw{x) - "'^^J]^^^^ ux{x, t)w{x) - \^f{\x, X^t, ux{x, t))w(x) ] G{x, t) dx 



tDx{t) 
Hx{t) ■ 



\Vux{x,t)f 



a{x/\x\) 



'^x{x, t) — }? f{\x, X^t, ux{x, t))ux{x, t) ) G'(x, t) dx 



u\{x^ t)G{x, t) dx. 

The scaling properties of the operator combined with a suitable change of variables easily imply 
that 



(74) 

and consequently 
(75) 



Dx{t) = \^D{\^t) and Hx{t) = H{\^t), 



Nx{t) - N{\^t) for aU t e (O, ^) 



Lemma 5.1. Lei a e L°°(S^-i) satisfy and u^Q be, in the sense of Definition \l.i[ either a 
weak solution to (0), with h satisfying and Q), or a weak solution to (0) satisfying {^{3) with 
ip e C^(R^ X (0,T) X M) under assumption (0). Let 7 := Yiuit^Q+M{t) as in Lemma \4-.1S\ Then 

(i) 7 is an eigenvalue of the operator L defined in Jj^P ; 

(ii) for every sequence A„ — )■ 0"'", there exists a subsequence {Xn^}keN ^.i^d an eigenfunction g 
of the operator L associated to 7 such that, for all t G (0, 1), 

2 



lim 

fc— >-+oo 



u{\n^X,\i^t) r- 

7=== t^g{x/Vt) 



dt^O 



Ht 
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lim sup 

'=->+°°te[T,i] 



u{Xn^X,Xl t) 



= 0. 



Ct 



Proof. Let 
(76) 



ux{x,t) 



with A e (0, VTo), so that 1 < Tq/A^. From Lemma 1431 we obtain that, for aU t e (0, 1), 



(77) 



n^lix,t)Gix,t)dx = ^^^t'^^' 



with Ci as in (g^]). Lemma Corollaries and [121 and imply that 



1 / iV- 2 



+ C4 AA(To) + 



iV- 2 



Hx{t) ^ \'D{XH) 



Hx{t) + Ci / \\Iux{x,t)YG{x,t)dx 



and hence, in view of (|77p . 

(78) t( \Vwx{x,t)\^G{x,t)dxi^C:[^{Ci{M{TQ) + ^)~Ci) f wl{x,t)G{x,t) dx 
for a.e. t G (0, 1). Let us consider the family of functions 



which, by scaling, satisfy 
(79) 
and 
(80) 



~ , , r r \ u(XVtx,X^t) 
wx(x,t) = wx[Vtx,t) = , , 



Wx{x,t)G{x,l) dx = / Wx{x,t)G{x,t) dx 



\Wwx{x,t)\^G{x,l)dx / \Wwx{x,t)\^G{x,t)dx. 



R" 



From dZZl), dZS]), dZHl), and dSD]), we deduce that, for all r e (0, 1), 
(81) {^>^} xe{o,VTo) is bounded in i°°(r,l;?^) 

uniformly with respect to A G (0, VTq). Since 

^ , , v{x,X^t) , ,~ w N 

WA(a;,t) = — 7=== and (wA)t(a;,i) 



vt{x, X^t) 
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with V as in Remark ll .21 from (fT3l) we deduce that, for aU e H 



{ X \ 



f(xVtx, Xh, ^/H{\^)wx{x, t)) (j){x) ] G{x, 1) dx 



In case (I), from (U) and Lemma [2. II we can estimate the last term in the above integral as 



(83) A' 



h{XVtx, \^t)w\{x, t)(l){x)G{x, 1) dx 



i^ChX'' f \wxix,t)mx)\G{x,l)dx + Ch^ I \x\-''+'\wx{xM<t>ix)\G{3:,l)dx 

^ n \2||~ / ^Mi , f |wA(x,t)||(/)(x)| 

CftA WA(-,t) w « + Ch— / p-f^ G[x,l)dx 



Ch^ f \wx{x,t)Mx)\G{x,l)dx 



t 



AV.^2-e , max{4,7V-2} 



tA^-^+ ^ +1||^a(-, 011^1101 



i V (^-2) 



for all A e (0,Vro) and a.e. t e (0,1). From (l82|), dSS]), and Lemma [Q it follows that, for all 
A e (0, VTo) and a.e. t £ (0,1), 

|„*((l^5A)t>)„| 

^ /-I , max{4,Ar-2} II n , ^ /„l-£/2 max{4,Ar-2} , \ \ 1 1 W'A (' , 1 1 « 1 1 01 1 « 
^(^1+ (jV-2)^ l|a||L°°(S"-i) +0/,7o + (jV-2)^ 1 

and hence 

(84) \\iwM;mn* ^^-^Wwxi-Mn. 

In case (II), from ([5]), Holder's inequality, and Lemma [2.71 we obtain 
A2 



(85) 



. , ipixVix, A^t, ^H{X^)wx{x, t) ] (f>{x)G{x, 1) dx 

^H{X^) Jkn \ J 

^C^^= f (v/¥(A5)|5i,(a:,t)| + (v/i7Mri^A(x,t)r)|0(:E)|G(a;,l)dx 
^C^X" [ \wxix,t)Mx)\Gix,l)dx + C^X^{H{X''))^ [ \wx{x,t)\P\(j)ix)\Gix,l) dx 



iV + 2-p(W-2) \£^x 
A P + 1 / iV(p-l) JV + 2-p(W-2) / / nil \P+1 \ 

< ||S5A(-,t)|l«||0||H ic^tX^T^+C^Cp+it U^^\u{x,Xh)\P+Ux] ]. 



From dH]), ([85]), LemmalO the fact that p < 2* - 1, and 0, it follows that, for all A e (0, VTq) 
and a.e. t e (0, 1), estimate (|84|) holds also in case (II). Then, in view of (|8T|) . estimate (f84|) yields. 
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for all T e (0,1), 

(86) {(Si;,),}^^^^^^^ is bounded in L°°(t,1;H*) 

uniformly with respect to A € {0,VTq). From ([8T|) . (|86|. and [28l Corollary 8], we deduce that 
xe{o VTo) relatively compact in C°([r, !],£) for all r G (0,1). Therefore, for any given 
sequence A„ ^ 0+, there exists a subsequence Xn^ 0+ such that 

(87) wx^,-^w in C°([r,l],£) 

for all T e (0,1) and for some w £ Q^g^p -^^ C*'([t, 1], £). We notice that a diagonal procedure 
allows subtracting a subsequence which does not depend on r. Since 

1 = II^5a„,(-,i)I1£, 

the convergence (I57|) ensures that 

ll^5(-,l)ll£ = l- 



In particular it; is nontrivial. Furthermore, by (|8ip and (|86p . the subsequence can be chosen in 
such a way that also 

(89) wx^^ w weakly in L^(t, 1;H) and {wx^Jt^m weakly in i^(T, 1; H*) 

for all T e (0,1); in particular w e r\re{o i) -^^i'''^^'^'^) ^^'^ ^* ^ nr6(o i) -^^('''' -'^j ^*)- '^^^ 
claim that 

(90) wx„^ ->■ w strongly in L^(t, 1; H) for all t S (0, 1). 

To prove the claim, we notice that ([M)) allows passing to the limit in ([5^ . Therefore, in view of 
(|83)) and ((84)) which ensure the vanishing at the limit of the perturbation term. 



, l)dx 



(91) (^t, = \ ! hw{x, t) ■ V0(x) - w{x, t)(b{x)) G{x, 1) 

for all € H and a.e. t e (0, 1), i.e. w is a weak solution to 

~ 1/a~ a;„~ a(a;/|a;|) _\ 

z.. + -(^A.--.V. + A^.j=0. 

Testing the difference between ([82]) and (|9T|) with (wa„^ — w) and integrating with respect to t 
between r and 1, we obtain 

\Viwx,,-w){x,t)\^ - "y,''"'^ \iwx^- w)ix,t)\A G{x,l)dx)dt 



\2 



\\wx„Al)^m\\l^^\\^x.Ar)~w{T)\\l- I ( / |(i?x _ -zIi)(x,i)|'G(a:,l)dx)dt 



Then, from dSS]), ([851), and we obtain that, for aU r G (0, 1), 

lim (\W{wx„-w){x,t)\'- ''^fj^^^ \{wx„-w){x,t)\AG{x,l)dx)dt^O, 



34 



VERONICA FELLI AND ANA PRIMO 



which, by Corollary 12 .31 and (|87| . implies the convergence claimed in (|90)l . Thus, we have obtained 
that, for all r G (0, 1), 

(92) liin / \\w^^^{;t)-w{;t)\\lM = 



and 



where 



lim sup \\wx^ {-,t)-w{-,t)\\ct^O, 



w{x,t) := w(^-^,tj 
is a weak solution (in the sense of Definition II. f I) of 
93 wt + Aw + \ 'I ^' w = 0. 

We notice that, by ^ and (|7S)) . 

A^(t) 

(|Vu;A(a;,i)P - ^^^wl{x,t) - -^^^f{Xx,X't,^/H{y)wx{x,t))wx{x,t))Gix,t) dx 

/r« ^a(^' i)G{x, t) dx 

for all t e (0, 1). Since, by ([92]), wa,.^ {-.t) w{-,t) in "Ht for a.e. t e (0, 1), and, by and ((85)) . 

a; 



for a.e. t G (0, 1), we obtain that 

(94) / f|Vu;.„Ja:,t)p-^i^< (^,0- 



/ (An. a;, A2 ^ t, ^H{XlJwx^^ {x, i)) ii'A„, (x, t)G(a;, i) ^ 



)'wx^^ {x,t))wx^^{x,t)\G{x,t) dx D^{t) 



and 

(95) / wl {x,t)G{x,t)dx H^{t) 
for a.e. t G (0, 1), where 

Dw{t)^ ( f |Vw(x,i)|2 - ^^^/Mw2(a;,t) )G(x,i)dx and H^{t) ^ I w^{x,t)G(x,t) dx. 



We point out that 

(96) H.^{t)>0 for all tG(0,l); 
indeed, dMl) yields 

(97) / w^{x,l)G{x,l)dx = 1, 
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which, arguing as in Lemma 14.91 or applying directly the Unique Continuation Principle proved by 
[25l Theorem 1.2] to equation (|93| , implies that /^jv w'^{x, t)G{x, t) dx > for all t G (0, 1). From 
(l94l) and iMl), it follows that 



(98) A^„^ (i) ^ A/'t„(t) for a.e. t e (0, 1), 

where Afw is the frequency function associated to the limit equation (j93|) . i.e. 



(99) 



which is well defined on (0, 1) by (|96|) . 

On the other hand, 1^ implies that 7Va„^ {t) ^ M{Xlj) for all t e (0, 1) and k e N. Fixing 
i G (0, 1) and passing to the limit as fc — ?> +oo, from Lemma [4. 121 we obtain 

(100) A6v„Jt)^7 for ante (0,1). 
Combining ([98]) and (|100p . we deduce that 

(101) A/'^(t) = 7 for all t e (0, 1). 

Therefore Afw is constant in (0, 1) and hence A/'4(i) = for any t £ (0, 1). By 
with / = 0, we obtain 



and Lemma W. 



wt{x,t) + 



Vw(x, t) ■ X 



2t 



G{x, t) dx 



w^ix, t) G{x, t) dx 



(wt{x,t) 



Vw(a;, t) ■ X 



2t 



w{x,t)G{x,t)dx] =0 for alH € (0, 1), 



1.8. 



Vw;(-,i) • X 
2t ' 



Wi;t) 



Vw{-,t) ■ X 



2t 



Ct 



\wi;t)\\h, 



where {■,-)ct denotes the scalar product in Ct- This shows that, for all t g (0, 1), Wt{-, t) + ^""t^'^*)'^ 
and w{-,t) have the same direction as vectors in £t and hence there exists a function /3 : (0, 1) — >■ M 
such that 



(102) 



wt{x, t) + ^^(^'^) • ^ ^ (i{t)w{x, t) for a.e. t e (0, 1) and a.e. x e R^. 



2t 



Testing with (l) — w{-,t) in the sense of pT|) and taking into account (|102p . we find that 
^ , s I , Vw(-, t) • X 

m \ 

which, by (|99l) and (|10ip . implies that 



2< 



Pit) = J for a.e. te (0,1). 

Hence (I102p becomes 

(103) i«t(x,t) + -— ^1^^-— = |w(a;,t) for a.e. (x, t) € x (0, 1) and in a distributional sense. 
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Combining (|103p with (l93l) . we obtain 

(104) Aw + ^j^w ^^^^ +jw{x,t)=0 

for a.e. {x,t) G x (0, 1) and in a weak sense. From (|103l) . it follows that, letting, for all 77 > 
and a.e. {x,t) e x (0, 1), w'^{x,t) :— w{r]x,r]'^t), there holds 

rfw" _ 27 ^ 
dry 77 

a.e. and in a distributional sense. By integration, we obtain that 

(105) w''{x, t) = w{r]x, jft) = 7f'<w{x, t) for aU 77 > and a.e. (x, e x (0, 1). 
Let 

g{x) = w{x, 1); 
from (jOT]) . we have that g (z C, \\g\\c — Ij and, from (|105p . 

(106) w(x,t) =w^(-^,l) =Fzi;(-^,l) =i''(?(-^) for a.e. (x,t) e X (0,1). 

In particular, from (|106p . g{-/^/t^ £ Ht for a.e. t S (0,1) and hence, by scaling, g E H. From 
pIH)) and (UnSl), we obtain that g eH\{0} weakly solves 

\7g{x) ■ X a(x/\x\) 
2 ^ 

i.e. 7 is an eigenvalue of the operator L defined in (jl4p and 5 is an eigenfunction of L associated 
to 7. The proof is now complete. □ 

Let us now describe the behavior of H{t) as t — > 0+. 

Lemma 5.2. Under the same assumptions as in Lemma \5.1\ let 7 := \mit^Q+ f\f (t) be as in 
Lemma \4-12\ Then the limit 

lim t-^''H{t) 

t-)-0+ 

exists and it is finite. 

Proof. In view of (|69p . it is sufficient to prove that the limit exists. By (HH]), Lemma [4.121 and 
Lemma [4. 6[ we have, for all t G (0,To), 

Jt^ = -'^lt-"'-'H{t) + t-^-^H'it) = 2t-^''-\tD{t) - jH{t)) 
^2t-^-<-^H{t) f {iyi{s) + :^2{s))ds, 



^Ag[x) + nJ^9[x) = ig[x), 



with vi, V2 as in (j66p . After integration over [t, Tq 
(107) ^^^^ ' ^ 



^ ° 2s-2''-ii7(s) i/i(r)dr^ ^'*^/ ^ ^^"^''"^■^^(s) (^J^ i'2ir)dr^ ds. 
By (Uni), :/i(<) ^ and hence 

lim ^ "23^27-1^(5) t/i(r)(irj ds 
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exists. On the other hand, by Lemmas 14.71 and 14.81 we have that Jg \i'2{r)\dr is bounded in 
{0,Tq) with 6 defined in ([7T]) . while, from Lemma |4.13[ we deduce that t~'^'^H{t) is bounded in 
(OjTq). Therefore, for some const > 0, there holds 



V2{r)dr 



€ const s^^+'' 



for ah s e (0,ro), which proves that s-'^^-'^H{s) {^^ V2{r)dr) e L^{Q,To). We conclude that both 
terms at the right hand side of (|107p admit a limit as f — > 0+ thus completing the proof. □ 

In the following lemma, we prove that limt_j.Q+ t^'^^'H(t) is indeed strictly positive. 

Lemma 5.3. Under the same assumptions as in Lemma \5.1\ and letting 7 :— limt_j.o+ A/'(t) be as 
in Lemma \4.12\ there holds 

lim f^^HU) > 0. 

t-i-0+ 

Proof. Let us assume by contradiction that limt_j.o+ t^^"'H{t) — and let {Vnj : j,n E N, j ^ 1} 
be the orthonormal basis of C introduced in Remark 13.41 Since u\{x,l) = u{Xx,X'^) E C for 
all A G (0,VTo), uxix,l) e n for a.e. A G (0,7^0), and f{Xx,X'^,ux{x,l)) G H* for a.e. 
A G (0, VTq): we can expand them as 

(108) uxix,l) = ^ Wm,fc(A)Kn,/c(a;) in £, 

m.fcSN 

f{Xx,X'^,ux{x,l))^ ^ £,m.kWVm.k{x) m H* , 



m.fcSN 
k>l 



where 



(109) Mm,fe(A) = / ux{x,l)V„i^k{x)G{x,l) dx 

and 



(110) em,fe(A)= (/(A•,A^MA(•,l)),Kr.,fe) = / fiXx,X',ux{x,l))V^,k{^)Gix,l)dx. 

By orthogonality of the Kn,fe's in £, we have that 

B{X^) ^ ^ (w«j(A))^ ^ (um,/c(A))2 for aU A G (0, ^/%) and m, fc G N, fc > 1. 

Hence, limt_^o+ t~'^'^H{t) = implies that 

(111) lim X'^'^Um fe(A) = for aU m, /c G N, /c > 1. 

A->-0+ 

Moreover, we can show that the fimction A i— > u„i,kW is absolutely continuous in (0,\/Jq) and 
'^m.fel^) = «*(ilWA(a;,l),ym,fc(a;))«. Hence 



d 



—ux{x,l)= u'„^,^{X)Vm,k{x) inn*. 

m,fceN 
k>l 
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Furthermore, 

Aux{x,l) ^ X'^Au{Xx,X^) ^ J2 Um,fe(A)AT4i,fe(x) inH\ 

m.fegN 

From ([T]) and the fact that Vm.k{x) is an eigenfuntion of the operator L associated to the eigenvalue 
7m, fc defined in p^ . it fohows that 

4ru\(x, 1) = 2Xut(Xx, A^) + VulXx, A^) • x 
dX 



2X { - Au{Xx, A^) - ^i|ZMu(A.x, A2) - /(Ax, A^, m(Ax, A^)) ) + Vu(Ax, A^) • x 



= ^ E u,nA>^)(^AV^A^)-^^^^V^A^) + ^^^^)-2X J2 U,fe(A)K.,fe(x) 

= ^ ^ 7m,fcW„,fe(A)ym,fc(x) - 2A ^ Cm,fc(A)Kn,fc(x). 
m,keti m.fceN 

Therefore, we have that 

2 

"m,fc(A) = j'yni,kUm,kW " 2A^m,fc(A) for aU to, fc € N, fc ^ 1, 
a.e. and distributionahy in (0, VTo)- By integration, we obtain, for ah A, A G (0, -n/To), 

(112) Um,fe(A) = A^t™.*^ ^A-27™..u„_,(A) + 2^\i-27,„,.^^_^(g)^^^ ^ 

From Lemma 15.11 7 is an eigenvalue of the operator L, hence, by Proposition II. 4[ there exist 

Too, fco G N, /co ^ Ij such that 7 = jmoM = "lo j^- Let us denote as Eq the associated eigenspace 

and by Jq the finite set of indices {(to, fc) G N x (N \ {0}) : 7 = to — ^}, so that #Jo = to(7), 
with to(7) as in (1411) . and an orthonormal basis of Eq is given by {Vm,,k '■ (™, k) G Jq}. In order to 
estimate ^m.fc, we distinguish between case (I) and case (II). 

Case (I): From for all {m,k) G Jq, we can estimate ^m,k as 

(113) \CnukW\^Ch I {l + X--'+'\x\-^+')\u{Xx,X^)\\V^^k{x)\G{x,l)dx 



^Ch( [ u^{Xx,X^)Gix,l)dx]^ ( [ V^kix)Gix,l)dxy 
+ G.A-+^/^ / KAx,Am^g(^^ 
+ ChX-^+'/^ f \u{Xx,X^)\\V^.k{x)\G{x,l)dx 

J|2;|5sA-i/2 

^ Ch{l + A-i+t)/HXA^+ C„A-2+f !i!(^G(x, 1) dxj %i^G(x, 1) dx' 
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From Corollary 12.41 and Lemma I4.8[ it follows that 

while, from Lemma [2.21 for all (m, k) £ Jq, 

(115) y^^__G(.,l)dx^(^^i(a) + ^^j 1,^'+^ 

From ITT^ . pTi)) . pl5)) . and Lemma SHI we deduce that 

(116) IU,fe(A)K C6A-2+f+27^ for all A e (0, V?!^) 

and for some positive constant Cg depending on a,N,j, h,TQ, Ki, e but independent of A 
and (m, k) £ Jq. 

Case (II): From ([5]) and Lemma [2.71 ^oi all {m,k) G Jq, we can estimate as 

(117) |Cm,fe(A)KC^/ (|M(Ax,A2)| + |«(Ax,A2)|P)|v;„,fc(a;)|G(x,l)dx 

1/2 / „ xl/2 



/ u^{\x,\')Gix,l)dx] ([ Vl,ix)Gix,l)dx) 
cJ f \u{Xx,X')\P+'\G{x,l)\'-i^dxY' ( f |V;„,fc(x)ri|G(x,l)|4^dxY 



\u{Xx,X^)\P+Ux 



p-i 
p+i 



\ p+i 



<G^v/i7(A^+C^Cj,+iA-^S^||uA(-,l)||^,||Ka-ll«f / |H(2/,A2)|f+id2/) 

V JR" / 

From Corollary 12.91 and Lemma WM it follows that 

(118) 1)115, = ||«(-, A=)||5,^, < ™ (i3(A') + 

.'j|p(^(A-),^), ^'(^'^);^) ^OT, 

while, from Corollary 12.31 for all (m, fc) G Jo, 

(119) |jV;„,fc||« const ( 7- 



4 

From (fTTT)) . (fTTS)) . (fTT9)) . and Lemma l4TT3l we deduce that 

„ I JV + 2-p(JV-2) , „ , 

(120) \U.kW\ ^ C7X-^+ for all A G (0, v^) 

and for some positive constant C7 depending on ||m|1z,oo(o,t,lp+i(r"))j -^j 7j Tq^ Ki, 
p, but independent of A and {m, k) £ Jq. 
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Collecting ((TT6l) and ([T20l) . we have that 

(121) IU,fe(A)| ^ C8A-2+^+27^ for all A e (0, y/jh) 

for some Cg, > which is independent of A and (m, k) £ Jo and 

e/2, in case (I), 



.5 = 



in case (II). 



P+i 

Estimate (|12ip implies that the function s i— )■ s^~'^'^^m,k{s) belongs to L^{0, ^/Tq). Therefore, 
letting A 0+ in ([TT^ and using pTTj) . we deduce that, for all A S (0, V%), 

(122) u„,fc(A) - -2A2'^ / si-27^,„,fc(s)ds. 

Jo 

From (IT^ and we obtain that, for aU (to, fc) e Jo and A G (0, VTo), 

(123) |u,„,fc(A)| < ^A^^+l 

(3 

Let us fix (T e (O, S); by Lemma [4. 131 there exists K2{(y) such that 

H{\^) ^ X2(ct)A2(27+-) for A e (0, V?!^). 
Therefore, in view of (|123p . for ah (m, fc) e Jq and A e (0, VTo), 

\UmMW\ < ^ 2^8 



and hence 

(124) i^m£(A^^Q asA^O+. 

/HXA^ 

On the other hand, by Lemma 15.11 for every sequence A„ 0+, there exists a subsequence 
{A„j }jgN and an eigenfunction g G i?o \ {0} of the operator L associated to 7 such that 

"A„, (x, 1) 

— > g in £ as j — > +00, 



thus implying, for all (m^k) € Jq, 



/-,or^ Wm,fe(A„J /'^A (a;,l) , ^ 

(125) , = , V^n.fc ^ {9,V„^,k)c as j ^ +00. 



c 

From (|124l) and (|125p . we deduce that {g,Vm.k)c = for all {m,k) G Jq. Since g ^ Eq and 
{Vm,k ■ {m, k) G Jo} is an orthonormal basis of Eq, this implies that g — 0, a, contradiction. □ 

We now complete the description of the asymptotics of solutions by combining Lemmas 15.11 and 
5.31 and obtaining some convergence of the blowed-up solution continuously as A — >■ 0"*^ and not 
only along subsequences, thus proving Theorems 11.51 and 11.61 

Proof of Theorems 1 1 . 51 and 11.61 Identities (PT|) and follow from part (i) of Lemma ISTT] and 
Proposition 11.41 which imply that there exists an eigenvalue ^moM = ™o 1^ of L, toq, fco G N, 
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ko ^ 1, such that 7 = lmit^Q+Af{t) = 7^0, fco- Let Eq be the associated eigenspace and Jq the 
finite set of indices {(m, fc) G N x (N \ {0}) : 7mo,fco — m — so that {Vm,k ■ ("^, k) G Jo}, 
with the Kn.fe's as in Remark 13. 4[ is an orthonormal basis of Eq. Let {A„}„gN C (0, +00) such 
that hin„_j.-|_oo A„ = 0. Then, from part (ii) of Lemma l5.ll and Lemmas 15.21 and 15.31 there exist a 
subsequence {A„^, jfcgN and real numbers {Pn.j ■ {n,j) e Jo} such that /?„j- ^ for some (n, j) G Jo 
and, for any r G (0, 1), 



(126) 

and 
(127) 

In particular, 
(128) 



lim 



dt = 



■Ht 



lim sup 

te[T,i] 



(n,j)e Jo 



^ 0. 



Ct 



/e— >+oo 



PnjVnjix) in £. 



(nj)g Jo 



We now prove that the /3nj's depend neither on the sequence {A„}„gN nor on its subsequence 
{An^jfegN- Let us fix A G (0, -\/To) and define u^.i and £.„i.i as in (|109mi0|) . By expanding 
u\{x, 1) = u{Xx, A^) G £ in Fourier series as in (|108p . from (|128l) it follows that, for any (m, i) G Jo, 



(129) 



A-^'^u 



i(A„J ^- Pn.j Vnj{x)Vm.i{x)G{x,l)dx 



/3« 



(nj)e Jo 



as fc — > +00. As deduced in the proof of Lemma [Ol (see (|112l) ). for any (m, i) G Jo and A G (0, A) 
there holds 



,(A) = A^^ A-27^,,^^^(A) + 2 / s'-^'^UM ds 



(130) 



Furthermore, arguing again as in Lemma [5751 fsee (11211) ). s '^''£,m,i{s) belongs to ^-'^(0, VTq). 

Hence, combining (|129p and (|130p . we obtain, for every (m, i) G Jo, 



A-27 / u{Ax,A'^)VrnAx)G{x,l)dx 
f-A 



f{sx,s ,u{sx,s ))Vm,i{x)G{x,l) dx \ds 



In particular the Pm.i^ depend neither on the sequence {A„}„gN nor on its subsequence {A„j.}fegN, 
thus implying that the convergences in ()126p and (|127p actually hold as A — >■ 0+ and proving the 
theorems. □ 



The strong unique continuation property is a direct consequence of Theorems 11.51 and 11.61 
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Proof of Corollary 11.71 Let us assume by contradiction that u ^ in x (0,T) and fix 
fc G N such that k > with 7 = ^moM as in Theorems 11.51 and 11.61 From assumption ((28| . it 
foUows that, for a.e. {x,t) e x (0, 1), 

(131) \uB. \\-'^T''ulXx,X^t)\={). 

A-)-0+ 

On the other hand, from Theorems ll.5l and ll.61 it foUows that there exists g E H \ {0} such that 
g is an eigenfunction of the operator L associated to 7 and, for all t e (0, 1) and a.e. x e R^, 

X-^T^'u{Xx,X^t) -> g{x/yft), 

which, in view of (|13ip . implies g = 0, a contradiction. □ 
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